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1 The k-clique-community �nding algorithm

Our communityde�nition is basedon theobservation that a typical memberin a communityis linked
to many other members,but not necessarilyto all othernodesin the community. In otherwords, a
communitycanbe interpretedas a union of smallercomplete(fully connected)subgraphsthat share
nodes.In themathematicalliterature,suchcompletesubgraphsarecalledk-cliques, wherek refersto
thenumberof nodesin thesubgraph.Therefore,we de�ne a k-clique-communityastheunionof all k-
cliquesthatcanbereachedfrom eachotherthrougha seriesof adjacentk-cliques, wheretwo k-cliques
aresaidto beadjacentif they sharek � 1 nodes.Usingk-cliqueadjacency wecande�ne ak-cliquechain
astheunionof a sequenceof adjacentk-cliques,andintroducetheconceptof k-cliqueconnectedness:
two k-cliquesarek-clique-connectedif they arepartsof ak-cliquechain.Ourk-clique-communitiesare
equivalentto thek-cliqueconnectedcomponentsof thenetwork.

An illustrationof thesecommunitiescanbegivenby “k-cliquetemplaterolling”. A k-cliquetemplate
canbe thoughtof asanobjectthat is isomorphicto a completegraphof k nodes.Sucha templatecan
be placedontoany k-cliqueof thenetwork, androlled to anadjacentk-cliqueby relocatingoneof its
nodesandkeepingits otherk � 1 nodes�x ed. Thus,thek-clique-communitiesof a graphareall those
subgraphsthat canbe fully exploredby rolling a k-clique templatein thembut cannotbe left by this
template.

Thek-clique-communitiesof a network at k = 2 areequivalentto theconnectedcomponents,since
a 2-cliqueis simply anedgeanda 2-clique-communityis theunionof thoseedgesthatcanbereached
from eachotherthroughaseriesof sharednodes.Similarly, a3-clique-communityis givenby theunion
of trianglesthatcanbereachedfrom oneanotherthrougha seriesof sharededges.As we increasek,
thek-clique-communitiesshrink,but ontheotherhandbecomemorecohesivesincetheirmembernodes
have to bepartof at leastonek-clique.

Our experienceshows that in real networks completesubgraphsof sizebetween10 and 100 can
easilyoccur. Sucha large completesubgraphof sizes contains

� s
k

�
differentk-cliques,therefore,an

algorithmthattriesto locatethek-cliquesindividually andexaminetheadjacency betweenthemwould
beextremelyslow whenanalysingrealnetworks. However, a completesubgraphof sizes is obviously
a k-cliqueconnectedsubsetfor any k � s, sincefor any pair of includedsmallerk-cliques,a seriesof
adjacentk-cliqueslinking themcanbetrivially found. Furthermore,two largecompletesubgraphsthat
shareat leastk � 1 nodesform onek-cliqueconnectedcomponentaswell. This impliesthat insteadof
searchingfor k-cliques,it is a far betterstrategy to locatethe large completesubgraphsin thenetwork
�rst, andthenlook for thek-cliqueconnectedsubsetsof givenk (thek-clique-communities)by studying
theoverlapbetweenthem.

1.1 The method

1.1.1 From cliquesto k-clique-communities

To bemoreprecise,our algorithm�rst extractsall completesubgraphsof thenetwork thatarenot parts
of largercompletesubgraphs.(Thedetailsof thisprocedurearediscussedin Sect.1.1.2.)Thesemaximal
completesubgraphsaresimply calledcliques, andthedifferencebetweenk-cliquesandcliquesis that
k-cliquescanbe subsetsof larger completesubgraphs.Oncethe cliquesarelocated,theclique-clique
overlapmatrix is prepared[1]. In this symmetricmatrix eachrow (andcolumn)representsa cliqueand
thematrix elementsareequalto thenumberof commonnodesbetweenthecorrespondingtwo cliques,
andthediagonalentriesareequalto thesizeof theclique. (Notethat the intersectionof two cliquesis
alwaysa completesubgraph.)Thek-clique-communitiesfor a given valueof k areequivalentto such
connectedcliquecomponentsin whichtheneighbouringcliquesarelinkedto eachotherby at leastk � 1
commonnodes.Thesecomponentscanbefoundby erasingeveryoff-diagonalentrysmallerthank � 1
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Figure1: A simpleillustrationof theextractionof thek-clique-communitiesat k = 4 usingtheclique-
clique overlapmatrix. Top left pictureshows the graphin which the differentcliquesaremarked by
differentcolours.Theaccordingclique-cliqueoverlapmatrix is shown in thetop right corner. To obtain
thek-clique-communitiesat k = 4, we deletetheoff-diagonalelementsthataresmallerthan3 andalso
the diagonalelementsthat aresmallerthan4, resultingin the matrix shown in the bottomleft of the
�gure. Theconnectedcomponents(thek-clique-communities)correspondingto this matrix areshown
in thebottomright.

andevery diagonalelementsmallerthank in thematrix, replacingtheremainingelementsby one,and
thencarryingoutacomponentanalysisof thismatrix. Theresultingseparatecomponentsareequivalent
to thedifferentk-clique-communities.A simpleillustrationof theabove is givenin Fig. 1.

Anotheradvantageof this methodis that the clique-cliqueoverlapmatrix encodesall information
necessaryto obtainthecommunitiesfor any valueof k, thereforeoncetheclique-cliqueoverlapmatrix
is constructed,the k-clique-communitiesfor all possiblevaluesof k canbe obtainedvery quickly. In
contrastto this, in a simple k-clique �nding approachthe searchfor the k-cliqueswould have to be
restartedfrom thebeginningfor everysinglevalueof k.

1.1.2 Locating the cliques

As discussedin the previous section,in contrastto the k-cliques,cliquescannotbe subsetsof larger
cliques,thereforethey have to belocatedin a decreasingorderof their size.Thelargestpossibleclique
size in the studiedgraphis determinedfrom the degree-sequence.Startingwith this clique size,our
algorithmrepeatedlychoosesanode,extractseverycliqueof thissizecontainingthatnode,thendeletes
the nodeandits edges.(The deletionof the alreadyexaminednodesinhibits the �nding of the same
cliquemultiple times).Whennonodesareleft, thecliquesizeis decreasedby oneandtheclique�nding
procedureis restartedon theoriginalgraph.Thealreadyfoundcliquesin�uence thefurthersearchsince
theyetunrevealed(smaller)cliquescannotbesubsetsof them.

Thecliquesof sizes containinga givennodev canbefoundby examiningtheinterrelationsof the
neighboursof v. In ouralgorithmthis is implementedin thefollowing way: First,asetA is constructed
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Figure2: Thetime in hourson a PCneededto locatethecommunitiesasa functionof thesystemsize
in the numberof edgesfor the cond-matarchive (triangles)andfor the graphof autonomoussystems
(squares).Theformerdatasetis �tted with 3 � 10� 7M 0:11 ln( M ) (solidcurve).

thatcontainsnodesall linkedto eachother. Initially A consistsof v only andour goalis to enlargethis
setto theactualclique-sizes. AnotherdisjunctsetB is alsodeterminedasthesetof nodesthatarelinked
to eachnodein A , but notnecessarilyto thenodesin B. Initially setB consistsof theneighboursof v.

SetA canbeenlargedtransferringnodesfrom B. This is accomplishedin a recursive way in order
to checkevery possiblecombinationof the nodesbeingtransfered.(To avoid �nding the sameclique
multiple times,the nodeshave to be transferredfrom B to A in a decreasing/increasing orderof their
indices.)Whena nodew from B is placedinto A , thenodesthatarenot neighboursof w areremoved
from B. (This is donein order to preserve the propertythat the membersof B areall linked to each
memberof A ).

If B runsout of nodesbeforeA reachessizes, or if theunionof thesetsA andB canbe included
in analreadyfound(larger)clique,therecursionis steppedbackto checkotherpossibilities.Whenever
thesizeof A reachess, a new cliqueis found. After recordingtheclique,thealgorithmis steppedback
againto checktheremainingpossiblecombinationsof theneighboursindices.

1.2 Ef�ciency of the algorithm

Thedeterminationof thefull setof cliquesof a graphis widely believedto benon-polynomialproblem.
In spiteof this, our algorithmprovesto bevery ef�cient whenappliedto thegraphsof the investigated
real systems.Our experienceshows that the requiredCPU time dependson the structureof the input
datavery strongly, thereforein generalno closedformulacanbegivenevento estimatethesystemsize
dependence.As anillustrationof thecomputationalspeed,however, wenotethatacompleteanalysisof
aco-authorshipnetwork with 127000links takeslessthan2 hoursonaPC.

In Fig. 2 we displaythe time it took to explore thecommunitystructure(usinga PC)asa function
of the systemsize in caseof the co-authorshipnetwork of the Los AlamosCondensedMatter e-print
archive [2, 3] at theoptimal thresholdfor k = 6 andthenetwork of autonomoussystems[4]. (In both
casesthegraphsof differentsizecorrespondto thestateof thesystemat differenttimes). As it canbe
seenin the�gure, thecurvescanbe�tted with t = AM B ln( M ) wheret denotesthetime neededby our
algorithm,M standsfor thenumberof edges,andA andB are�tting parameters.
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Figure3: Statisticsof thek-clique-communitiesfor theLos AlamosCondensedMattere-printarchive
at k = 5 (squares)and k = 6 (triangles). (a) the cumulative distribution function of the k-clique-
communitysize(b) thecumulative distribution functionof thek-clique-communitydegree(thedegree
distribution of the graphof communities),(c) the cumulative distribution function of the overlapsize,
and(d) thecumulative distribution functionof themembershipnumberof nodes.

2 Community statisticsat differ ent valuesof k

Our methodcanbedirectly appliedto binary(undirected,unweighted)networksonly. Therefore,when
analysinganarbitrarysystem,thedirectionalityof thelinks hasto beignoredandif theconnectionsare
weighted,a thresholdweightw� canbeintroducedto pruneweaklinks andkeepthosethatarestronger
thanw� . (If we want to keepall links, w� is simply setto zero). If the thresholdweight is increased,
thenumberof edgesis decreasedandthecommunitiesshrink,however they consistof strongerlinks on
average.Similarly, if k is increasedat �x edthresholdweight,thecommunitiesbecomesmallerandmore
disintegrated,but at thesametime alsomorecohesive (sinceevery memberin a communityhasto be
partof a largercompletesubgraph).

Thecriterionwe usedto �x theoptimalk andw� valuesis basedon �nding a communitystructure
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ashighly structuredaspossible.Usuallya lower thresholdweightis accompaniedby a largernumberof
communitiesasmoreedgesareleft in thenetwork. However, atacertaincritical pointagiantcommunity
appearswhich smearsout thedetailsof thecommunitystructure.Thus,for eachselectedvalueof k we
adjustedthe weight thresholdto the point wherethe largestcommunitybecomestwice asbig as the
secondlargestone(just below thecritical point). Therestrictionfor thevalueof k we usedwasthatat
leasthalf of thelinks shouldremainfor theoptimalthreshold.

In caseof thenetwork representingtheLos AlamosCondensedMattere-printarchive thecriterions
for the global k andw� valuescould be matchedat both k = 5 andk = 6. (In the former casethe
fractionf � of theconnectionsbeingkeptduringtheapplicationof our methodwasequalto f � = 0:75,
whereasin thelattercaseit turnedout to bef � = 0:93). In Fig. 3 we comparetherelevantdistributions
characterisingthe communitystructurefor the two valuesof k. In Fig. 3a the two scalingcumulative
communitysizedistributionsarealmoston topof eachother. In caseof thecommunitydegree(Fig. 3b)
thescalingtailsof thedistribution functionsareparallelsimilarly to thepreviouscase.However thetwo
distributionsdiffer slightly at their exponentialpart,namelythecharacteristiccommunitydegreeis a bit
higherfor k = 6 thanfor k = 5. Thereis asmalldifferencebetweenthetwo overlapsizedistributionsas
well at themiddlepartof thedistributions(Fig. 3c). Finally, thetwo membershipnumberdistributions
displayedin Fig. 3d matcheachotherverywell.

It canbe seenfrom the distributionsat m = 1 that the fractionof nodesbelongingto at leastone
communityis somewherebetween25% and50%. The majority of the restof the nodesfall out sim-
ply becausetheir degreeis lessthank � 1. Nevertheless,after identifying the communities,mostof
theseweaklyconnectednodescanbeassociatedwith thecommunitiesto which they aremoststrongly
connected.

Besidesthis very good agreementbetweenthe relevant statisticaldistributions, the communities
themselves show greatsimilarities in the two cases:44 % of the 6-clique-communitiesare present
amongstthe5-clique-communities,andfor 70% of the6-clique-communitiesonecan�nd acorrespond-
ing 5-clique-communitythatdiffersin lessthan10% of themembers.Thegoodagreementbetweenthe
resultsobtainedfor differentvaluesof k signalsthatthefundamentalpropertiesof theobservedcommu-
nity structurearecharacteristicto thesystemitself andarelargely independentof k.

3 Further examples

In thissectionwepresentafew moreexamplesfrom theresultsof ourcommunity�nding method.These
concernboththeglobalstatisticalpropertiesof thecommunitiesdeterminedfor two additionaldatasets,
(theHungariansynonymsandthevariablesof thesourcecodeof theftp programunderLinux), aswell
asthelocalcommunitystructurearoundfurtherverticesin thewordassociationgraphandin thenetwork
of theftp program.

3.1 Community statistics

Similarly to Fig. 4 in themanuscript,the four majordistributionscharacterisingtheglobalcommunity
structureof two furthersystemsareplottedin Fig. 4. Thetrianglescorrespondto thenetwork of thewu-
ftp programunderLinux [5] andthesquaresrefer to theHungariansynonym graphobtainedfrom the
OpenOf�ce word processor[6]. In the formernetwork thenodescorrespondto variablesin thesource
codeandareassumedto beconnectedif they appeartogetherin anexpressionor functioncall, whereas
in thesecondnetwork two wordsarelinkedif they aresynonymsof eachother. Thenumberof nodesN
andlinks M aregivenby N = 1886; 20139andM = 6001; 100427for thenetwork of theftp program
andthesynonymsrespectively. In bothcases,ourcriterionsfor theglobalchoiceof thek-cliquesizecan
bematchedonly atk = 5.
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Figure4: Statisticsof thek-clique-communitiesfor thewu-ftp programunderLinux (triangles,k=4) and
thegraphof theHungariansynonyms obtainedfrom theOpenOf�ce word processor(squares,k = 4).
(a)Thecumulative distribution of thecommunitysize,(b) thecumulative distribution of thecommunity
degree,plot (c) is thecumulativedistributionof theoverlapsizeand(d) is thatof themembershipnumber.

Althoughourresultsfor thetwo new datasetsresemblethoseobtainedfor thedatain themanuscript,
therearealsosomedeviations.In Fig. 4athetailsof thecommunitysizedistributionsarepower-law like
(however, not over sucha wide rangeas, i.e., in caseof the co-authorshipnetwork). The lower part
of thecommunitydegreedistributionsis exponential(Fig. 4b), but theextra power-law like tail present
in caseof the co-authorshipnetwork andthe word associationnetwork is muchlesspronouncedhere.
Due to the relatively small systemsizethereis only oneoutstandingcommunitydegreein caseof the
ftp program,whereasthe tail of the communitydegreedistribution of the synonyms is somewhat like
staircase.Thecommunityoverlapdistributions(Fig. 4c) arerathertruncated,themaximaloverlapsize
reachesjust thek-cliquesizefor thesynonymsandis equalto k � 1 for theftp program.In Fig. 4d, the
membershipnumberdistributionsdecaysomewhat fasterthanin caseof the co-authorshipnetwork or
thewordassociationnetwork.
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Figure5: Thek-cliquecommunitiesof thewordgold in theSouthFloridaFreeAssociationnormlist for
w� = 0:025andk = 4. Thepurplecommunityis relatedto Olympic medals,thegreenoneconsistsof
metals,theblueonecanbeassociatedto jewelsand�nally theyellow communityis relatedto welfare.
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Figure6: The k-clique communitiesof the word day in the SouthFlorida FreeAssociationnorm list
at w� = 0:025 andk = 4. The greencommunityis relatedto work-days,the purpleoneconsistsof
day times,the yellow onecanbe associatedto weather, whereasthe blue communityis relatedto the
calendar.

3.2 Local community structure

In Figs.5-7 the k-clique communitiesof threewordspicked from the SouthFlorida FreeAssociation
norm list [7] areshown in a similar fashionto Fig. 2 in the manuscript.The communitiesarecolour
coded,theoverlappingnodesandlinks betweenthemareemphasisedin red,andthesizeof thenodes
andthewidthof thelinksareproportionalto theirmembershipnumbers(thetotalnumberof communities
they belongto). Thethresholdweightw� andthek-cliquesizein theseexamplesaresetto w � = 0:025
andk = 4.

In Fig. 5 the four communitiesof theword gold arerelatedto Olympic medals,metals,jewelsand
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Figure7: The k-cliquecommunitiesof the word play in the SouthFlorida FreeAssociationnorm list
for w� = 0:025andk = 4. Thebluecommunityis associatedwith music,thepurpleoneis relatedto
theatreandthegreencommunitycanbeassociatedwith children.

welfarerespectively. In Fig. 6 thecommunitiesof theworddayareshown. Thegreencommunitycanbe
associatedwith work days.Thursdayhasonly two neighbours(WednesdayandWed) evenin theoriginal
(unpruned)network, thereforeit is missingfrom this community, whereasSaturday andSundayarein
anothercommunityrelatedto weekendcontainingFriday, night, weekandweekenditself aswell. The
purplecommunityof Fig. 6 consistsof daytimes,theyellow communitycontainscommonadjectivesof
dayrelatedto weather, andthebluecommunitycanbeassociatedwith thecalendar. Fig. 7 displaysthe
threecommunitiesof theword play: theblueoneis relatedto music,thepurpleoneto theatreandthe
greenonecanbeassociatedwith children.

In Fig. 8 of we show a componentfrom the communitygraphof the wu-ftp programat k = 5
in a fashionsimilar to Fig. 3 in the manuscript. The nameof eachnodeconsistsof two parts: the
�rst oneis speci�c to the variablerepresentedby the nodeandthe secondpart (separatedby `@') is
speci�c to thescopeof thevariable(typically a function). The namesendingin `@glb' denoteglobal
variables.Sincethesevariableshave globalscope,(andthereforearevisible in theentireprogram),they
may appearin several function calls andexpressionsthroughoutthe entiresourcecode. Thus, in the
correspondingnetwork theverticesrepresentingthesevariablesarecandidatesfor communityoverlaps.
Indeed,in Fig. 8, themajorityof thecommunitiesarerelatedto functionsin thesourcecode,andseveral
communityoverlapsareprovidedby verticesrepresentingglobalvariables.

4 Random community statistics

The non-trivial aspectsof the distributionspresentedin Fig. 4 of the manuscriptnaturallygive rise to
thequestionwhetherthecommunitystatisticsof a randomgraphwould signi�cantly differ from those
studiedin themanuscript.In otherwords,whathappenswith thecommunitystructuresif thelinks of the
networksstudiedin themanuscriptarereshuf�ed in a randomway?

Wecalculatedthemajorstatisticaldistributionsfor two typesof randomgraphscorrespondingto the
threesystemsstudiedin the manuscript.In the �rst case,the degreesequencesof the original graphs
were preservedduring the randomisationprocess.We implementedthis by link randomisation[8]: in
eachsteptwo links wereselectedrandomly, andthenoneof theendpointsof the links wereswapped.
This processwasrepeateduntil on averageabouta dozenrelocationsper link wasreached.The other
typeof randomgraphswe testedweresimpleErd�os-Ŕenyi randomgraphs[9] with thesamenumberof
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Figure8: A componentin thecommunitygraphof thewu-ftp program.Most of thesecommunitiesare
relatedto functions(subroutines)in thesourcecode.Thenodeswith anameendingin `@glb' represent
globalvariables.Thesearelikely to appearin several functioncalls in thesourcecode,hencethey are
likely to bemembersin severalcommunitiesat thesametime.

nodesandlinks astheco-authorshipnetwork at f � = 0:93, theword associationgraphat f � = 0:67 or
theproteininteractiongraph.(Thedegreesequencesin thesecasesaredifferentfrom theoriginalones).

We havefoundthat except for the link-randomisedword associationgraph,cliquesof sizelarger
thanthreewere totally absentin therandomnetworks,therefore, naturally, no k-cliquecommunitiesfor
k > 3 canexist at all in them. In comparisonthe largestcliquesizesare12; 8; 9 andk = 6; 4; 4 in the
original co-authorshipnetwork, word associationnetwork andproteininteractionnetwork respectively.
In Fig. 9. we show the four major statisticaldistributions for the link-randomisedword association
network (triangles)comparedto theoriginal system(squares,thesameasin Fig. 4 in themanuscript).
In therandomisedsystemthemaximalcommunitysizeis � ve (Fig. 9a),themaximalcommunitydegree
is two (Fig. 9b), themaximaloverlapsizeis one(Fig. 9c),andthemaximalmembershipnumberis two
(Fig. 9d), thereforethecorrespondingdistributionsarevery truncatedcomparedto theoriginalones.

In conclusion,wecansaythatrandomisationseverely (in somecasesentirely) destroystheobserved
communitystructure. Thefactthatrandomisationcanleadto completelossof communitiesalsoimplies
thatthey arepresentin theoriginal systementirelydueto speci�c correlations.
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Figure9: Statisticsof the4-clique-communitiesfor thelink-randomisedwordassociationnetwork of the
SouthFloridaFreeAssociationnormlist at f � = 0:67 (triangles),plottedtogetherwith thedistributions
of theoriginal system(squares).Thedegreesequencewaspreservedduringtherandomisationprocess.
(a)Thecumulative distribution of thecommunitysize,(b) thecumulative distribution of thecommunity
degree,plot (c) is thecumulativedistributionof theoverlapsizeand(d) is thatof themembershipnumber.
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