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1 Thek-cligue-community nding algorithm

Our communityde nition is basedon the obsenration that a typical memberin a communityis linked
to mary other membersbut not necessarilyto all other nodesin the community In otherwords, a
communitycan be interpretedas a union of smallercomplete(fully connectedsubgraphghat share
nodes.In the mathematicaliterature,suchcompletesubgraphsre calledk-cliques wherek refersto
the numberof nodesin the subgraph.Therefore we de ne ak-clique-communityasthe union of all k-
cliguesthatcanbereachedrom eachotherthrougha seriesof adjacentk-cliques wheretwo k-cliques
aresaidto beadjacentf they sharek 1 nodes.Usingk-cliqueadjaceng we cande ne ak-cliquechain
asthe union of a sequenc®f adjacenk-cliqgues,andintroducethe conceptof k-cligue connectedness
two k-cliquesarek-cliqgue-connected they arepartsof ak-cliquechain.Ourk-clique-communitiegare
equialentto thek-clique connectedcomponent®f the network.

An illustrationof thesecommunitiecanbegivenby “k-cliquetemplaterolling”. A k-cliquetemplate
canbethoughtof asan objectthatis isomorphicto a completegraphof k nodes.Sucha templatecan
be placedonto ary k-clique of the network, androlled to an adjacenk-clique by relocatingone of its
nodesandkeepingits otherk 1 nodesx ed. Thus,thek-cliqgue-communitie®f a graphareall those
subgraphghat canbe fully exploredby rolling a k-clique templatein thembut cannotbe left by this
template.

Thek-cliqgue-communitie®f a network atk = 2 areequivalentto the connectedcomponentssince
a 2-cliqueis simply an edgeanda 2-clique-communityis the union of thoseedgeghat canbe reached
from eachotherthrougha seriesof sharechodes.Similarly, a 3-clique-communitys givenby theunion
of trianglesthatcanbe reachedrom onean otherthrougha seriesof sharededges.As we increasek,
thek-clique-communitieshrink,but onthe otherhandbecomemorecohesie sincetheirmembemodes
have to bepartof atleastonek-clique.

Our experienceshavs thatin real networks completesubgraphf size betweenl10 and 100 can
easilyoccur Sucha large completesubgraphof sizes contains ; differentk-cliques,therefore,an
algorithmthattriesto locatethe k-cliquesindividually andexaminethe adjaceng betweerthemwould
be extremelyslow whenanalysingreal networks. However, a completesubgraptof sizes is obviously
ak-cligue connectedgsubsefor ary k s, sincefor ary pair of includedsmallerk-cliques,a seriesof
adjacenk-cliqueslinking themcanbetrivially found. Furthermoretwo large completesubgraphshat
shareatleastk 1 nodesform onek-cliqgueconnectedcomponentaswell. Thisimpliesthatinsteadof
searchingor k-cliques,it is a far betterstratgy to locatethe large completesubgraphsgn the network

rst, andthenlook for thek-clique connecteagubset®f givenk (thek-clique-communitieshy studying
theoverlapbetweerthem.

1.1 The method
1.1.1 From cliquesto k-cliqgue-communities

To be morepreciseour algorithm rst extractsall completesubgraph®f the network thatarenot parts
of largercompletesubgraphs(Thedetailsof this procedurarediscussedéh Sect.1.1.2.) Thesemaximal
completesubgraphsre simply calledcliques andthe differencebetweerk-cliquesandcliquesis that
k-cliguescanbe subsetof larger completesubgraphs.Oncethe cliquesare located,the clique-clique
overlapmatrix is prepared1]. In this symmetricmatrix eachrow (andcolumn)represents cliqueand
the matrix elementsareequalto the numberof commonnodesbetweerthe correspondingwo cliques,
andthe diagonalentriesareequalto the size of the clique. (Note thatthe intersectiorof two cliquesis

alwaysa completesubgraph.)The k-clique-communitiegor a given value of k areequivalentto such
connectedliguecomponentin whichtheneighbouringliquesarelinkedto eachotherby atleastk 1

commonnodes.Thesecomponentganbefoundby erasingevery off-diagonalentrysmallerthank 1
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Figurel: A simpleillustration of the extractionof the k-clique-communitiestk = 4 usingtheclique-
clique overlapmatrix. Top left picture shawvs the graphin which the differentcliquesare marked by
differentcolours.Theaccordingclique-cliqueoverlapmatrix is shavn in thetop right corner To obtain
thek-cliqgue-communitiesitk = 4, we deletethe off-diagonalelementghataresmallerthan3 andalso
the diagonalelementghat are smallerthan 4, resultingin the matrix shavn in the bottomleft of the
gure. Theconnectedcomponentgthe k-clique-communitiesgorrespondingdo this matrix areshavn
in the bottomright.

andevery diagonalelementsmallerthank in the matrix, replacingthe remainingelementsy one,and
thencarryingouta componengnalysisof this matrix. Theresultingseparateomponentgareequialent
to thedifferentk-clique-communitiesA simpleillustrationof theabove is givenin Fig. 1.

Anotheradwantageof this methodis that the clique-cliqueoverlap matrix encodesall information
necessaryo obtainthe communitiedor ary valueof k, thereforeoncethe clique-cliqueoverlapmatrix
is constructedthe k-cligue-communitiesor all possiblevaluesof k canbe obtainedvery quickly. In
contrastto this, in a simple k-cligue nding approachthe searchfor the k-cliqgueswould have to be
restartedrom the beginningfor every singlevalueof k.

1.1.2 Locating the cliques

As discussedn the previous section,in contrastto the k-cliques, cliquescannotbe subsetof larger
cliques,thereforethey have to belocatedin a decreasingrderof their size. The largestpossibleclique
sizein the studiedgraphis determinedrom the degree-sequenceStartingwith this clique size, our
algorithmrepeatedlychooses node extractsevery cliqueof this sizecontainingthatnode thendeletes
the nodeandits edges. (The deletionof the alreadyexaminednodesinhibits the nding of the same
cliguemultipletimes).Whenno nodesareleft, thecliquesizeis decreasetly oneandtheclique nding
proceduras restartedn the original graph.The alreadyfoundcliquesin uence thefurthersearctsince
theyetunrevealed(smaller)cliquescannotbe subsetof them.

Thecliquesof sizes containinga given nodev canbe found by examiningtheinterrelationsof the
neighbourf v. In ouralgorithmthisis implementedn thefollowing way: First,asetA is constructed
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Figure2: Thetimein hourson a PC neededo locatethe communitiesasa function of the systemsize
in the numberof edgesfor the cond-matarchive (triangles)andfor the graphof autonomousystems
(squares)Theformerdatasets tted with 3 10 M %11In(M) (splid curwe).

thatcontainsnodesall linkedto eachother Initially A consistof v only andour goalis to enlage this
setto theactualclique-sizes. AnotherdisjunctsetB is alsodeterminedsthesetof nodeghatarelinked
to eachnodein A, but notnecessarilyo thenodesn B. Initially setB consistf the neighboursf v.

SetA canbeenlagedtransferringnodesfrom B. This is accomplishedn arecursve way in order
to checkevery possiblecombinationof the nodesbeingtransfered.(To avoid nding the sameclique
multiple times, the nodeshave to be transferredrom B to A in a decreasing/increasi orderof their
indices.) Whenanodew from B is placedinto A, the nodesthatarenot neighboursof w areremoved
from B. (This is donein orderto presere the propertythat the membersof B areall linked to each
memberof A).

If B runsoutof nodesheforeA reachesizes, or if theunionof thesetsA andB canbeincluded
in analreadyfound (larger) clique,the recursionis steppedackto checkotherpossibilities.Wheneer
thesizeof A reaches, anew cliqueis found. After recordingthe clique,the algorithmis steppedack
againto checktheremainingpossiblecombinationf the neighboursndices.

1.2 Efciency of the algorithm

Thedeterminatiorof thefull setof cliquesof a graphis widely believedto be non-polynomiaproblem.
In spiteof this, our algorithmprovesto be very ef cient whenappliedto the graphsof theinvestigated
real systems.Our experienceshavs that the requiredCPU time dependsn the structureof the input
datavery strongly thereforein generaho closedformulacanbe given evento estimatethe systemsize
dependenceAs anillustrationof the computationaspeedhowever, we notethata completeanalysisof
a co-authorshimetwork with 127000links takeslessthan2 hoursona PC.

In Fig. 2 we displaythetime it took to explore the communitystructure(usinga PC) asa function
of the systemsizein caseof the co-authorshimetwork of the Los Alamos CondensedVatter e-print
archve [2, 3] atthe optimalthresholdfor k = 6 andthe network of autonomousystemg4]. (In both
caseghe graphsof differentsizecorrespondo the stateof the systemat differenttimes). As it canbe
seenin the gure, thecurvescanbe tted witht = AM B (M) wheret denoteghetime neededy our
algorithm,M standgor thenumberof edgesandA andB are tting parameters.
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Figure3: Statisticsof the k-cligue-communitiegor the Los AlamosCondensedJatter e-printarchive
atk = 5 (squaresandk = 6 (triangles). (a) the cumulative distribution function of the k-clique-
communitysize (b) the cumulatve distribution function of the k-clique-communitydegree(the degree
distribution of the graphof communities)(c) the cumulatve distribution function of the overlapsize,
and(d) the cumulative distribution function of the membershimumberof nodes.

2 Community statisticsat differ ent valuesof k

Our methodcanbe directly appliedto binary (undirectedunweightednetworks only. Therefore when
analysinganarbitrarysystemthedirectionalityof thelinks hasto beignoredandif the connectionsare
weighted,athresholdwveightw canbeintroducedo pruneweaklinks andkeepthosethatarestronger
thanw . (If we wantto keepall links, w is simply setto zero). If thethresholdweightis increased,
thenumberof edgeds decreasedndthe communitiesshrink,howvever they consistof strongetinks on
average.Similarly, if k isincreasedt x edthresholdveight,thecommunitiedbbecomesmallerandmore
disintggrated,but at the sametime alsomore cohesie (sinceevery memberin a communityhasto be
partof alarger completesubgraph).

Thecriterionwe usedto x theoptimalk andw valuesis basedon nding a communitystructure



ashighly structuredaspossible.Usuallyalower thresholdweightis accompanietby a larger numberof
communitiesasmoreedgesreleft in thenetwork. However, atacertaincritical pointa giantcommunity
appearsvhich smearsout the detailsof the communitystructure.Thus,for eachselectedralueof k we
adjustedthe weight thresholdto the point wherethe largestcommunitybecomedwice as big asthe
secondargestone (just belov the critical point). Therestrictionfor the valueof k we usedwasthatat
leasthalf of thelinks shouldremainfor the optimalthreshold.

In caseof the network representinghe Los AlamosCondensed/attere-printarchive the criterions
for the globalk andw valuescould be matchedat bothk = 5andk = 6. (In the former casethe
fractionf of the connectiondeingkeptduringthe applicationof our methodwasequaltof = 0:75,
whereasn thelattercaseit turnedoutto bef = 0:93). In Fig. 3 we comparaherelevantdistributions
characterisinghe communitystructurefor the two valuesof k. In Fig. 3athe two scalingcumulatve
communitysizedistributionsarealmoston top of eachother In caseof the communitydegree(Fig. 3b)
thescalingtails of thedistribution functionsareparallelsimilarly to the previous case However thetwo
distributionsdiffer slightly at their exponentialpart,namelythe characteristicommunitydegreeis a bit
higherfor k = 6thanfor k = 5. Thereis asmalldifferencebetweerthetwo overlapsizedistributionsas
well at the middle partof the distributions (Fig. 3c). Finally, the two membershipmumberdistributions
displayedn Fig. 3d matcheachothervery well.

It canbe seenfrom the distributionsatm = 1 thatthe fraction of nodesbelongingto at leastone
communityis somavherebetween25% and 50%. The majority of the restof the nodesfall out sim-
ply becauseheir degreeis lessthank 1. Neverthelessafter identifying the communities,most of
theseweakly connectedodescanbe associateavith the communitieso which they aremoststrongly
connected.

Besidesthis very good agreemenbetweenthe relevant statisticaldistributions, the communities
themseles shav greatsimilaritiesin the two cases: 44 % of the 6-clique-communitiesare present
amongsthe5-cligue-communitiesandfor 70 % of the 6-clique-communitiesnecan nd acorrespond-
ing 5-clique-communitythatdiffersin lessthan10 % of themembersThe goodagreemenbetweerthe
resultsobtainedor differentvaluesof k signalsthatthefundamentapropertiesof theobsered commu-
nity structurearecharacteristi¢o the systemitself andarelargely independenof k.

3 Further examples

In this sectionwe present few moreexamplesrom theresultsof ourcommunity nding method.These
concernboththe globalstatisticalpropertieof the communitiesdeterminedor two additionaldatasets,
(the Hungariansynoryms andthe variablesof the sourcecodeof the ftp programunderLinux), aswell
asthelocalcommunitystructurearoundfurtherverticesin thewordassociatiomraphandin the network
of theftp program.

3.1 Community statistics

Similarly to Fig. 4 in the manuscriptthe four major distributions characterisinghe global community
structureof two furthersystemsareplottedin Fig. 4. Thetrianglescorrespondo the network of thewu-
ftp programunderLinux [5] andthe squaregeferto the Hungariansynorym graphobtainedfrom the
OpenOfce word processof6]. In theformernetwork the nodescorrespondo variablesin the source
codeandareassumedo be connectedf they appeatogetherin anexpressioror functioncall, whereas
in the seconchetwork two wordsarelinkedif they aresynoryms of eachother The numberof nodesN
andlinks M aregivenby N = 1886 20139andM = 6001 100427for the network of theftp program
andthe synorymsrespectiely. In bothcasespur criterionsfor theglobalchoiceof thek-cliquesizecan
bematchednly atk = 5.
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Figure4: Statisticsof thek-clique-communitie$or thewu-ftp programunderLinux (triangles k=4) and
the graphof the Hungariansynoryms obtainedfrom the OpenOfce word processofsquaresk = 4).
(a) The cumulatie distribution of thecommunitysize,(b) the cumulatve distribution of the community
degree plot (c) is thecumulatve distribution of theoverlapsizeand(d) is thatof themembershimumber

Althoughourresultsfor thetwo newv datasetsresemblahoseobtainedor thedatain themanuscript,
therearealsosomedeviations. In Fig. 4athetails of thecommunitysizedistributionsarepower-law like
(however, not over sucha wide rangeas, i.e., in caseof the co-authorshimetwork). The lower part
of the communitydegreedistributionsis exponential(Fig. 4b), but the extra powverlaw like tail present
in caseof the co-authorshipmetwork andthe word associatiometwork is muchlesspronouncecdere.
Dueto therelatively small systemsizethereis only one outstandingcommunitydegreein caseof the
ftp program,whereaghe tail of the communitydegreedistribution of the synoryms is somevhat like
staircase.The communityoverlapdistributions (Fig. 4c) arerathertruncatedthe maximaloverlapsize
reachegustthek-clique sizefor thesynorymsandis equalto k 1 for theftp program.in Fig. 4d, the
membershimumberdistributions decaysomeavhat fasterthanin caseof the co-authorshipjmetwork or
theword associatiometwork.
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Figure5: Thek-cliquecommunitiesof theword goldin the SouthFloridaFreeAssociatiomormlist for
w = 0:025andk = 4. The purplecommunityis relatedto Olympic medalsthe greenoneconsistsof
metalsthe blueonecanbeassociatedo jewelsand nally theyellow communityis relatedto welfare.
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Figure6: The k-clique communitiesof the word day in the SouthFlorida Free Associationnorm list
atw = 0:.025andk = 4. The greencommunityis relatedto work-days,the purple one consistsof

daytimes,the yellow onecanbe associatedo weather whereaghe blue communityis relatedto the
calendar

3.2 Local community structure

In Figs. 5-7 the k-clique communitiesof threewords picked from the SouthFlorida Free Association
normlist [7] areshavn in a similar fashionto Fig. 2 in the manuscript. The communitiesare colour
coded,the overlappingnodesandlinks betweernthemareemphasiseth red, andthe size of the nodes
andthewidth of thelinks areproportionato theirmembershimumbergthetotalnumberof communities
they belongto). Thethresholdweightw andthek-cliqguesizein theseexamplesaresettow = 0:025
andk = 4.

In Fig. 5 the four communitiesof the word gold arerelatedto Olympic medals,metals,jewels and
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Figure7: Thek-cligue communitiesof the word play in the SouthFlorida FreeAssociationnorm list
forw = 0.025andk = 4. Theblue communityis associatedavith music,the purpleoneis relatedto
theatreandthe greencommunitycanbe associatedvith children.

welfarerespectiely. In Fig. 6 thecommunitieof theword dayareshavn. Thegreencommunitycanbe
associateavith work days.Thursdayhasonly two neighbourgWednesdaynd\Wed) evenin theoriginal
(unprunedhnetwork, thereforeit is missingfrom this community whereasSatuday and Sundayarein
anothercommunityrelatedto weelend containingFriday, night, weekandweelenditself aswell. The
purplecommunityof Fig. 6 consistf daytimes,theyellow communitycontainscommonadjectvesof
dayrelatedto weatherandthe blue communitycanbe associatedvith the calendarFig. 7 displaysthe
threecommunitiesof theword play. the blue oneis relatedto music,the purpleoneto theatreandthe
greenonecanbeassociateavith children.

In Fig. 8 of we shav a componentfrom the community graphof the wu-ftp programatk = 5
in a fashionsimilar to Fig. 3 in the manuscript. The nameof eachnode consistsof two parts: the
rst oneis speci c to the variablerepresentedby the nodeandthe secondpart (separatedy "@") is
speci ¢ to the scopeof the variable(typically a function). The namesendingin “@glb' denoteglobal
variables.Sincethesevariableshave globalscope (andthereforearevisible in theentireprogram) they
may appearin several function calls and expressionghroughoutthe entire sourcecode. Thus,in the
correspondingnetwork the verticesrepresentinghesevariablesarecandidate$or communityoverlaps.
Indeed,in Fig. 8, themajority of thecommunitiesarerelatedto functionsin the sourcecode,andseveral

communityoverlapsareprovidedby verticesrepresentinglobalvariables.

4 Randomcommunity statistics

The non-trivial aspectsf the distributions presentedn Fig. 4 of the manuscriptnaturally give rise to
the questionwhetherthe communitystatisticsof a randomgraphwould signi cantly differ from those
studiedin themanuscriptln otherwords,whathappensvith thecommunitystructuresf thelinks of the
networksstudiedin themanuscriperereshufed in arandomway?

We calculatedhemajor statisticaldistributionsfor two typesof randomgraphscorrespondingo the
threesystemsstudiedin the manuscript.In the rst casethe dggree sequencesf the original graphs
wele preservedduring the randomisatiorprocess.We implementedhis by link randomisatiori8]: in
eachsteptwo links were selectedandomly andthenoneof the endpointsof the links were swapped.
This processwvasrepeatedintil on averageabouta dozenrelocationsper link wasreached.The other
type of randomgraphswe testedweresimple Erdos-Reryi randomgraphg[9] with the samenumberof
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Figure8: A componentn the communitygraphof the wu-ftp program.Most of thesecommunitiesare
relatedto functions(subroutines)in thesourcecode. Thenodeswith anameendingin “@glb’ represent
globalvariables.Thesearelikely to appearin severalfunctioncallsin the sourcecode,hencethey are
likely to be membersn several communitiesat the sametime.

nodesandlinks asthe co-authorshimetwork atf = 0:93, theword associatiorgraphatf = 0:67 or
the proteininteractiongraph.(The degreesequencem thesecasesaredifferentfrom the original ones).

We havefoundthat exceptfor the link-randomisedword associatiorgraph, cliquesof sizelarger
thanthreewere totally absentin therandomnetworkstherefore, naturally, no k-cliquecommunitiegor
k > 3 canexistat all in them In comparisorthe largestclique sizesare12; 8;9 andk = 6; 4; 4 in the
original co-authorshimetwork, word associatiometwork andproteininteractionnetwork respectiely.
In Fig. 9. we shawv the four major statisticaldistributions for the link-randomisedword association
network (triangles)comparedo the original system(squaresthe sameasin Fig. 4 in the manuscript).
In therandomisedystenthe maximalcommunitysizeis ve (Fig. 9a),the maximalcommunitydegree
is two (Fig. 9b), the maximaloverlapsizeis one(Fig. 9c), andthe maximalmembershimumberis two
(Fig. 9d), thereforethe correspondinglistributionsarevery truncateccomparedo the original ones.

In conclusionwe cansaythatrandomisatiorseverely (in somecasesentirely) destoystheobserved
communitystructue. Thefactthatrandomisatiortanleadto completdossof communitiesalsoimplies
thatthey arepresentin theoriginal systementirely dueto speci ¢ correlations.
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Figure9: Statisticsof the4-clique-communitie$or thelink-randomisedvord associatiometwork of the
SouthFloridaFreeAssociatiomormlist atf = 0:67 (triangles) plottedtogethemvith thedistributions
of the original system(squares)The degreesequencavaspresered during the randomisatiorprocess.
(a) The cumulatie distribution of thecommunitysize,(b) the cumulatve distribution of the community
deagree plot (c) is thecumulatie distribution of theoverlapsizeand(d) is thatof themembershimumber
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